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ABSTRACT
Missing data is a common problem that almost every statistician has to deal with in
multivariate data sets. As a common approach one could choose either to omit the obser-
vations with missing data (complete case analysis), where we lose valuable information,
or to replace them with estimated values from a statistical procedure (imputation meth-
ods). In this paper we propose a new methodology which relies on constrained clustering
algorithms and improves the accuracy of existing imputation methods.

Keywords: Missing Data, Imputation Methods, Constraint Clustering, Linear Regression
imputation, KNNimpute, missForest.

1. INTRODUCTION

Missing data is a common problem that can greatly affect the outcome of every
statistical procedure. In the literature of missing data many methods have been
proposed (Little & Rubin, 2002, Chapter 1.4), though their usefulness depends
on the mechanisms that generate this missingness (Little & Rubin, 2002, Chap-
ter 1.3). Imputation methods replace missing data with estimated values from a
statistical procedure. The most traditional (but not always reliable) imputation
methods are mean imputation and linear regression imputation. In mean imputa-
tion, the sample mean of each variable with missing values is calculated using only
the recorded elements and the missing values are replaced with the corresponding
mean value. The drawback of this method is that imputing values from the center
of the distribution reduce the variance and consequently the covariance (Enders,
2010, Chapter 2.6), though this problem can be solved by adding a residual term
randomly drawn from a normal distribution with mean 0 and variance equal to the
variance of the corresponding variable. Linear Regression imputation is a method
with many variations. In the simplest form, a regression model is estimated for
the complete cases (observations without missing data) and the missing values
are predicted by the model. The drawback of this method is that imputes values
in a line, thus it creates highly correlated data (Enders, 2010, Chapter 2.7). A
solution to this problem is to add a residual term randomly drawn from the resid-



uals of the estimated regression model. This method is referred to as stochastic
regression imputation.

In recent years several reliable imputation methods have been developed. The
main idea of these methods is to estimate the missing values using a non paramet-
ric regression method. This estimation can be achieved by the KNN (K Nearest
Neighbors) algorithm or by a Random Forest (Breiman, 2001). The simplest
performance of KNN regression is to identify the k nearest neighbors of the obser-
vation target using the Euclidean distance, where the estimation of the regression
is the average of these k observations. Random Forest is a method that builts
many regression trees in order to solve the problem of overfitting that a single
regression tree has. The estimation of Random Forest is the average estimations
of the estimation of all the regression trees. In Section 2 will describe the modifi-
cations of these two algorithms in order to estimate the missing values.

Clustering is a multivariate analysis technique which divides the dataset in k
groups in such a way that observations in the same group are more similar than
observations in others groups. K-means (MacQueen, 1967) is one of the most
popular clustering algorithms. It is an iterative procedure that begins with k
randomly chosen initial centroids and assigns each observation to the cluster that
has the minimum distance from it. To calculate this distance we use the square of
the Euclidean distance, thus the problem of distance minimization is transformed
to a problem of variation minimization inside the clusters. It should be noted
though that this algorithm can not be used in the presence of missing values.
To solve this problem we often use an imputation method or we use only the
variables that are fully observed (variables marginalization), thus we loose valu-
able information. KSC algorithm (Wagstaff, 2004) is a modified K-means which
has a built in routine for dealing with missing data without using imputation or
variables marginalization. The algorithm belongs to the family of the Constraint
Clustering algorithms and uses the fully observed variables for Clustering and
the missing variables (variables with missing values) to built pairwise constraints
between observations.

The motivation of this paper is to introduce a new methodology that improves
the accuracy of most of the existing imputation methods. The idea is to divide the
data set in k homogeneous groups/clusters with the minimum possible variation.
The data partition can be achieved by the KSC algorithm. Our recommendation
relies on the fact that each group could be treated as an individual (homogeneous)
data set and therefore existing imputation methods could be proved to be both
reliable and accurate. The homogeneity ensures the accuracy of the proposed
methodology which could be confirmed by the evaluation of any accuracy measure.
In this work we apply the mean absolute error (MAE) but others work equally
well. The results presented in this work are based on the simple Mean Imputation
as well as the Linear Regression Imputation which are compared with two of the
most prevalent methods, namely KNNimpute (Troyanskaya, 2001) and missForest



(Stekhoven, 2011). The results are based on both simulated and real data.

2. METHODS

In this section we briefly discuss imputation techniques and clustering algo-
rithms to be combined in the next section for improved imputations. The impu-
tation techniques to be discussed are the classical Mean and Linear Regression
Imputations and the advanced KNN and Random Forest. For the clustering tech-
niques we discuss hard- and soft-constrained clustering algorithms which allow for
missing data without imputation.

Imputation Methods

K Nearest Neighbors (KNN) is a non parametric method that can be used for
both classification and regression. In KNN regression the candidate observation
is estimated by the mean of the k closest observations, where the closest observa-
tions can be calculated by the Euclidean distance. More specifically, KNNimpute
identifies the k most ”similar” completed observations, xcom

i to each missing ob-
servation and then imputes each missing value by a weighted mean of these k
neighbors. To identify the neigbors the distance is calculated only for the fully
observed variables, V com

j . The weights are taken to be equal to the reciprocal of
the distance of each missing observation. The drawback of this method is that
the choice of k can greatly affect the possible outcome.

Random Forest like KNN is a non parametric method that can be used for both
classification and regression. Miss Forest is a modified Random Forest algorithm
which begins with a simple Mean Imputation and continues with sorting the
variables in ascending order according to the number of missing values. The
missing values of each missing variable V mis

j are imputed by fitting a random
forest. When all the variables are imputed we have the newly imputed data
matrix. This procedure is repeated again until a stopping criterion is met. The
stopping criterion is met when the difference between the newly imputed matrix
and the previous matrix increases for the first time.

Mean imputation is the simplest imputation method, in which the sample
mean of each missing variable is calculated and the missing elements are replaced
by the corresponding mean value.

Linear Regression imputation is a method with many variations. In this paper
we use a chained equation process (Azur, M. J., 2011). The procedure begins
with a simple imputation for each missing value, for each missing variable V mis

j

and replaces the missing elements with a random draw from the observed values.
For each replaced value we store the position. The recorded values of V mis

j are
regressed on the other variables in the imputed model, and the missing elements of
V mis
j are predicted by this model. These two steps are repeated for each missing

variable. The completion of this process constitutes an iteration. The iterations



of the process which are being updated at each cycle, are usually between 5 and
10.

Constraint clustering algorithms are semi supervised learning algorithms, which
they incorporate the background knowledge that we have for the data set in or-
der to improve the accuracy of the clustering outcome. This knowledge can be
incorporated as a set of pairwise constraints. Constraints are divided into two
categories, hard constraints that must be satisfied by the final partition of the al-
gorithm and soft constraints that are preferences about the final partition of the
algorithm. A hard–constrained version of K–means, COP–KMEANS (Wagstaff,
2001) has been used in many real data sets, where the accuracy has reached high
levels of accuracy in comparison with the simple K–means. A soft–constraints
version of K–means is called SCOP–KMEANS (Wagstaff, 2002), where the con-
straints are created by a strength factor s which ranges from −1 to 1. Another
soft– constrained version of K–means is the KSC algorithm (Wastaff, 2004). This
algorithm can handle missing values without using imputation or marginalization.
It divides the set of variables into Vo, the set of the fully observed variables and
Vm the set of variables with missing values. In this algorithm we perceive Vm as an
additional form of information that is used only for the creation of the constraints.
We create a constraint 〈di, dj , s〉 between the observations di, dj with values v in
Vm, where s is the negative Euclidean distance

s = −
√ ∑

v∈Vm

(di.v − dj .v)2. (1)

These constraints are not created for the observations that have missing values.
The value of s is negative due to the fact that it shows the degree that two
observations di, dj should be separated. The modified objective function of KSC
is

f := (1− w)
V ar

V armax
+ w

CVd
CVmax

, (2)

V ar =
∑

d∈D dist(d, µi)
2 where µi is the centroid of cluster i, V armax is the total

variance of the dataset (or the variance obtained by assigning all items in the same
cluster) and it used to normalize the variance of the partition. CV is the sum of
the squared strengths of violated constraints in the set of Soft Constraints (SC).
CVmax is the sum of all squared constraints, which normalizes the quantity CV
and w is a weighting factor with values ranging from 0 to 1. Following Wagstaff
et al. (2004) there is no general rule for selecting the best w value, though it can
be estimated by clustering with several different values for w on a small labeled
subset of the data. The general idea is to choose a weight proportional to the
number of variables with missing values, though if we know that one or more
variables contribute more to the separation of the final partition, they should be
assigned a larger weight.



In this work we incorporate the simplest imputation techniques, namely Mean
Imputation and Linear Regression Imputation independently and separately for
each cluster obtained via the KSC algorithm. More specifically, the proposed
methodology is applied for the simple Mean Imputation in several simulated 3-
dimensional data sets where the missing values have been created randomly for
one variable at the 10% of the observations. Furthermore, the Linear Regression
Imputation is applied on the iris data set, where the missing values have been
created randomly for four different combinations in two out of four variables for
5% up to 20% proportion of missing values. These two approaches are compared
with the KNNimpute method and missForest method.

3. APPROACH

Let Xn×p be a rectangular n × p data matrix where n denotes the number
of observations and p denotes the number of variables. We assume that some
elements xij of the matrix are missing and denoted by xmis

ij , i = 1, . . . , n, j =
1, . . . , p, and at least one variable is complete for all elements. We denote the
completely observed variable by V com

j and if some elements are missing, V mis
j .

Clustering algorithms try to divide the data set into k groups in such way that
observations in the same group are more ”similar”. Our approach is to divide the
data set D into k homogeneous non overlapping subsets D1, . . . , Dk, Di∩Dj = ∅,
∪ki=1Di = D, and for each subset Di, i = 1, . . . , k use an imputation method and
then place the imputed values back to their initial positions in the data matrix.
This partition of the data set can be achieved by the KSC algorithm (Wagstaff,
2004), which is a modified K-means that uses the missing values as an external
source of information, without using imputation or marginalization. This new
methodology will be demonstrated for two of the most traditional methods, Mean
imputation or Regression imputation.

An issue with K-means algorithm is that the accuracy of the final partition
depends on the initial choice of the centroids, that is usually random. A solution
to this problem is to run K-means 20–100 times and select the partition with the
smallest total within cluster variation. In KSC algorithm the objective function
is modified, thus we run KSC algorithm 20–100 times and we select the partition
with the smallest total within cluster objective function value.

3.1 Partition Mean Imputation

In Partition Mean imputation we divide the subset as described before and in
Di for each variable with missing values we calculate the average of the recorded
elements and we replace the missing elements with this value. The first step to
the algorithmic procedure of Partition Mean Imputation is to run KSC 20-100
times with w proportional to the number of missing variables to find the best
partition. Then, each Di is treated as an individual data set, and for i = 1, . . . , k



we perform simple mean imputation. We identify the variables with missing values
V mis
j in each Di, if they are any, we calculate the average of the observed values

µmis
j =

∑
i x

com
ij /(number of complete i) for the recorded i′s and we replace the

missing elements with these values. The last step is to place the imputed values
back to their initial positions on the data matrix.

Algorithm 1 Partition Mean imputation

1: Require: Xn×p a data set matrix with at least one completed variable V com
j

2: Run KSC-algorithm 20–100 times and identify the best partition
{D1, D2, . . . , Dk}

3: for i← 1 to k do
4: Store the initial data matrix Xn×p positions for each missing element in Di

5: Perform simple Mean Imputation in Di

6: end for
7: Place the imputed data to their initial position in data matrix Xn×p
8: return the imputed data matrix Ximp

n×p

3.2 Partition Regression Imputation

Linear Regression imputation is one of the most popular methods with many
variations. The classic form of this method is to estimate a Linear Regression
model over the complete observations Xcom and then predict the missing val-
ues Xmis with the estimated model. A more sophisticated version of a Linear
Regression imputation is to use chained equations.

Suppose now that we have the two dimensional data set depicted in Figure
1. If we use Linear Regression imputation we see that the predictions will be far
away from the real values. This new approach divides this data set into k data sets
(here k = 3) and estimates the missing values with k different Linear Regressions.
As we can see in Figure 2 we can divide the data set into 3 non overlapping data
sets and estimate three different Linear Regression models. It’s easy to see that
this approach increases the accuracy of the Linear Regression imputation method.

This partition of the data set D into three non overlapping subsets D1, D2 and
D3 can be achieved by the KSC algorithm. In Partition Regression Imputation the
data set D is divided into k non overlapping subsets D1, D2, . . . Dk, each subset
Di is treated as an individual data set where the missing values are imputed by
a Linear Regression model, and specifically a chained equation approach of this
method. The imputed values are placed back to their initial positions in the data
matrix. This algorithmic procedure is described below.
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Figure 1: Whole data set Linear Regression
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Figure 2: Subsets Linear Regression

Algorithm 2 Partition Regression imputation

1: Require: Xn×p a data set matrix with at least one completed variable V com
j

2: Run KSC-algorithm 20–100 times and identify the best partition
{D1, D2, . . . , Dk}

3: for i← 1 to k do
4: Store the initial data matrix Xn×p positions for each missing element in Di

5: Perform chained equation Linear Regression Imputation in Di

6: end for
7: Place the imputed data to their initial position in data matrix Xn×p
8: return the imputed data matrix Ximp

n×p

Note that when we divide the data set into k parts we estimate k different
Linear Regression equations, this new approach can fix the problem of high corre-
lated data, compared with the use of a single Linear Regression Imputation model
for the whole data set. Furthermore we can add an error term as described above.



4. MAIN RESULTS

4.1 Experimental Results for Partition Mean imputation

For the experimental results we created various data sets consisted of three
3-dimensional normal distributions. We compare our method with two of the
most accurate imputation methods, namely kNNimpute and missForest, for four
different sample sizes. For evaluation purposes we use the mean absolute error
(MAE), which is the average distance from the real values.

The data sets in Figure 3 have all 10% missing values only for one variable.
In almost all cases Partition Mean Imputation is the most accurate method. Fur-
thermore we see that as the sample size increases, the accuracy of our method in
comparison with the other two methods, increases too.
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Figure 3: Comparison of Partition Mean imputation with kNNimpute and missForest

A common problem with clustering is that in many cases the optimal number
of clusters is unknown. There are many methods for choosing the optimal k,
though they are not always reliable. In order to adopt them we can use a simple
imputation method to the initial data set. We found that the number of clusters
is not an important issue for our method. Indeed, we selected one data set of
those compared in Figure 3 and run the algorithm for various k’s with the results
depicted in Figure 4.
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Figure 4: Robustness to the choice of k

Note that for all values of k that are greater than the real number of clusters
(3 clusters), this method performs better, except for the value 2. Based on our
experiments we concluded that all values greater than or equal to the true number
of clusters are equally good choices. This is due to the fact that clustering algo-
rithms are not used for classifying observations correctly, but instead for dividing
the data set into groups with the smallest possible variation in order to achieve
low variance estimations.

4.2 Experimental Results for Partition Regression Imputation

For the experimental results in this section, we use the Iris data set (consists
of 150 observations and 4 variables of three distinct iris plant species). We cre-
ated randomly increasing proportion of missing values for every set of two out of
four variables involved. We compare Partition Regression Imputation with KN-
Nimpute and miss Forest using as evaluation method the Mean Absolute Error
(MAE). For the KSC algorithm we used a k = 3 and w = 0.5 (equal to the
proportion of missing variables).

In Figure 5 we compare the Partition Regression imputation method with im-
pute kNN and missForest using as evaluation criterion the Mean Absolute Error.
In the fist plot of the Figure where the missing variables are Petal Length and
Petal Width we see that for all proportions of missing values our method is the
most accurate. Furthermore for the other three plots in almost all the cases the
MAE of our method is smaller and consequently the accuracy is greater.

In Figures 6 and 7 we present the densities of the original (blue) and the
imputed data (red) for a 10% proportion of missing values for Petal Length and
Petal Width respectively.
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Figure 5: Comparison of Partition Regression imputation with KNNimpute and miss-
Forest for two missing variables
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Figure 6: Densities of the imputed data for the variable Petal Length
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Figure 7: Densities of the imputed data for the variable Petal Width

5. CONCLUSION & FUTURE WORK

The methodology proposed in this work which combines a constrained clus-
tering algorithm with imputation techniques for improved imputation is accurate
enough even with the use of traditional imputation methods like mean imputation
and Linear Regression imputation. Experimental results based on both simulated
and real data show that both approaches outperform two of the most prevalent
methods, namely KNNimpute and missForest. It should be pointed out that for
our purposes associated with improved imputations, the optimal number of clus-
ters plays a rather minor role due to the fact that the clusters are built so that the
data are divided in groups with the smallest possible variation for achieving low
variance estimations. Furthermore the complexity of K-means based algorithms
is usually low, thus it can be used in huge data sets. In future work, we intent
to explore alternative imputation methods and propose, for evaluation and com-
parative purposes, an accuracy measure/criterion for choosing the most accurate
imputation method in each cluster separately.



PERILHYH

Ta Ellip  Dedomèna apoteloÔn koinì prìblhma to opoÐo sqedìn k�je ereunht c kaleÐtai
na antimetwpÐsei kurÐwc ìtan diaqeirÐzetai polumetablht� dedomèna. Oi klassikèc te-
qnikèc epÐlushc tou probl matoc eÐte epilègoun na apomakrÔnoun apì ta dedomèna ìlec
tic parathr seic me ellip  dedomèna ( complete case analysis), q�nontac me ton trìpo
autì polÔtimh plhroforÐa, eÐte epilègoun na tic antikajistoÔn me ektim seic oi opoÐec
proèrqontai apì mÐa statistik  diadikasÐa ( imputation methods). Sthn ergasÐa aut 
proteÐnetai mÐa nèa mejodologÐa h opoÐa basÐzetai se constrained clustering algìrijmouc
kai belti¸nei thn eustoqÐa twn mejìdwn pou up�rqoun  dh.

Acknowledgements: This work is a part of my Master Thesis that was conducted at the
University of the Aegean under the supervision of Professor Alex Karagrigoriou. I would
like to thank him for the suggestion of the topic; without him this Thesis would have been
impossible. Working with him has been a great opportunity for expanding my knowledge
and learning new things. A full copy of this Thesis is available in the library of the Uni-
versity of the Aegean at the following link http://hellanicus.lib.aegean.gr/bitstream/

handle/11610/18305/Master%20Thesis%20Michael%20Spitieris.pdf?sequence=1&isAllowed=

y with author name Michael Spitieris.

REFERENCES

Azur, M. J., Stuart, E. A., Frangakis, C., & Leaf, P. J. (2011). Multiple imputation
by chained equations: what is it and how does it work?. International Journal of
Methods in Psychiatric Research, 20(1), 40-49.

Breiman, L. (2001). Random forests. Machine Learning, 45(1), 5-32.
Enders, C. K. (2010). Applied missing data analysis. Guilford Press.
Little, R. J., & Rubin, D. B. (2002). Statistical analysis with missing data (2nd ed.).

New York: Wiley.
MacQueen, J. (1967). Some methods for classification and analysis of multivariate obser-

vations. In Proceedings of the fifth Berkeley symposium on Mathematical Statistics
and Probability, 14(1), 281-297.

Raghunathan, T. E., Lepkowski, J. M., Van Hoewyk, J., & Solenberger, P. (2001). A
multivariate technique for multiply imputing missing values using a sequence of
regression models. Survey Methodology, 27(1), 85-96.
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