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ABSTRACT
After extensive investigation on the statistical properties of financial returns,

a discrete nature has surfaced when low price effect is present. In order to model
the discrete nature of returns the discretization of the tail density function is
applied. This is a rather logical approach as the market always operates on a
specific accuracy. As a result of this discretization process, it is now possible to
improve the Percentage Value at Risk (PVaR) and Expected Percentage Shortfall
(EPS) estimations on which we are focusing on this work. Finally, since in risk
analysis it is apparent that the returns of an asset do not all bare the same amount
of information and consequently, do not all carry the same degree of importance,
Adjusted Evaluation Measures are presented for foreacastig purposes.

Keywords: low price effect; PVaR; EPS; low price correction; violation ratios; normalised
shortfall; adjusted evaluation measures

1. INTRODUCTION

The quantification of risk is an important issue in finance that becomes even
more important during periods of financial crises. The estimation of volatility is
the main financial characteristic associated with risk analysis and management
since in financial modelling, it has been consolidated the view that the asset
returns are preferred over prices due to their stationarity ([1], [2]). Moreover,
the volatility of returns is the one that can be successfully forecasted and that is
essential for risk management ([3], [4]).

The increase in complexity of both the financial system and the nature of
the financial risk, results in models with limited reliability. Hence, in extreme
economic events, such models become less reliable and in some instances, fully
fail to measure the underlying risk. Consequently, they are producing inaccurate
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risk measurements which has a great impact on many financial applications, such
as asset allocation and portfolio management in general, derivatives pricing, risk
management, economic capital and financial stability (based on Basel III accords).

Stock exchange markets operate with certain accuracy. In most European
markets the accuracy is 0.1 cents (0.001 euros), while U.S. markets operate under
the same accuracy except for securities that are priced less than USD 1.00 for
which the market accuracy or minimum price variation (MPV) is USD 0.0001.
Despite the readjustement for extremely low price assets, the associated fluctua-
tion (variation) is considerable and the corresponding volatility is automatically
increased. The phenomenon is magnified considerably in periods of extreme eco-
nomic events (economic collapses, bankruptcies, depressions, etc.) and as a result
typical market accuracy fails to handle smoothly assets of extremely low price.

Any attempt to increase the reliability of the model identification procedure
for volatility estimation results unavoidably in even more complex models which
still will be unable to identify and fully capture the governing set of rules of the
global economy. The more complicated the model we use for volatility estimation,
the larger the number of parameters that needs to be estimated. Hence, in order
to have larger data sets we go further back in the past, to collect and use for the
analysis, older observations, which though may be less representative of reality.
Lastly, risk models utilize only the returns of an asset while ignoring the prices.

In order to answer all the above, we discuss, in this work, the concept of low
price effect (lpe) ([5]) and recommend a low price correction (lpc) for improved
forecasts. The low price effect is the increase in variation for stocks with low
price due to the existence of a minimum possible return produced when the asset
price changes by the MPV. Lpe is frequently overlooked and the main reason
for that is the lack of theoretical background related to the reasons resulting in
this phenomenon which surfaces primarily in periods of economic instability or
extreme economic events. The pioneering of the proposed correction is that it
does not require any additional parameters and takes into account the asset price.
The proposed correction is associated with the rationalization of the estimated
asset returns since it is rounded to the next integer multiple of the minimum
possible return. Except of the proposed correction in this work we also provide
a mathematical reasoning for the increase of volatility.

Inspired from the above, we came to the same conclusion as many before,
that in risk analysis the returns of an asset do not all bare the same amount
of information and do not all carry the same degree of significance ([6], [7], [8],
[9]). In the absence of a formal mathematical notion, the term asymmetry in the
importance decribes relatively satisfactory the above phenomenon which is also
apparent in other scientific areas, related to medical, epidimiological, climatologi-
cal, geophysical or meteorological phenomena. For a mathematical interpretation,
one may consider a proper cost function that takes different values depending on
different regions of the dataset or the entire period of observation. For instance,
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in biosurveillance, the importance (and the cost) associated with an illness inci-
dence rate is much higher in the so called epidemic periods associated with an
extreme rate increase. In the case of risk analysis, risk measures like the Value
at Risk (VaR) and Expected Shortfall (ES), concentrate only on the left tail of
the distribution of returns with the attention being paid to the days of violation
rather than to those of no violation. Consequently, failures in fitting a model
on the right tail are not considered to be important. Thus, the asymmetry in
the importance of information is crucial in both choosing the most appropriate
model by assigning a proper weight to each region of the dataset and evaluating
its forecasting ability.

In order to judge the forecasting quality of the proposed methodology applied
to typical risk measurements like VaR and ES, we have appropriately adjusted
a number of popular evaluation measures that take into account the asymmetry
in the importance of information bared in the data. Since the proposed low price
correction, is applied in a subset of the dataset with a specific property (in this
case a very low price), it is logical for the adjusted evaluation measures to be
computed on the same subset. Thus, the risk estimations can be evaluated with
and without the implementation of low price correction and then, compared. The
decrease in the values of the adjusted evaluation measures will show the improved
forecasting quality of the proposed methodology.

In addition, for the evaluation of the proposed correction, backtesting methods
such as the violation ratio (VR) for Value at Risk and normalised shortfall (NS) for
Expected Shortfall can also be used (see for example, [10]). For real life examples
and applications see [11], [12], [13].

2. THE LOW PRICE EFFECT AND CORRECTION

Typical market accuracy fails to handle smoothly assets of extremely low price
resulting in a considerable fluctuation (variation) and increased volatility. As ex-
pected, the phenomenon is magnified considerably in periods of extreme economic
events (economic collapses, bankruptcies, depressions, etc.). Such extreme events
have occurred during the last decade across the globe, starting with 2007 in the
US market and split over to the EU markets. Indeed, since all possible (loga-
rithmic) returns on a specific day are integer multiples of the minimum possible
return, the stock movement will fluctuate nervously so that violations will occur
more frequently and forecasts will turn out to be irrational in the sense that such
returns cannot be materialized. The resulting volatility increase is quite often
overlooked primarily due to the fact that one takes into consideration the returns,
neglecting entirely the asset prices.

In order to accommodate different accuracies, we introduce below a broad
definition of the minimum possible return.
Definition 1. Let pt be the asset value at time t and c(pt) be the minimum
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price variation (market accuracy) associated with the value of the asset at time
t. Then the minimum possible return of an asset at time t denoted by mprt is the
logarithmic return that the asset will produce if its value changes by c(pt) and is
given by:

mprt = log

(
pt + c(pt)

pt

)
.

Note that mprt is the same for both upward and downward movements due to
the symmetry of logarithmic returns. For the special case, that a market has
a constant accuracy, say c, irrespectively of the stock price, Definition 1 can be
simplified to mprt = log ((pt + c)/pt) (see [11]).

For instance, let us assume that the value of an asset is equal to 0.19e and
the market operates under 0.001e accuracy. Then the minimum possible return
for the asset is 0.5%. Also, all possible (logarithmic) returns for the asset in this
specific day are the integer multiples of the minimum possible return. This will
have as a result, the stock movement to become even more nervous and models’
failures to increase. Consequently, PVaR violations will occur more frequently
and our model will almost always derive forecasts that are irrational since the
stock cannot produce such returns.
Definition 2. Low price effect (lpe) is the inevitable increase of variance in stocks
with low prices due to the existence of a minimum possible return.

Considering that the probability mass will be concentrated to the next integer
multiple of the minimum possible return, we have that the volatility, provided
that it exists, is increased to

+∞∑
k=−∞

sup
Rt∈[k·mpr,(k+1)·mpr]

(Rt − µ)2
(k+1)·mpr∫
k·mpr

f(Rt) dRt

where Rt is the return at time t and f(·), µ are the density and the mean of
returns, respectively.

Although Definition 2 is of the same philosophy, it is slightly different from
the original concept introduced by [5] who observed that low-priced stocks were
characterized by higher returns and higher volatility. Such high volatility when-
ever observed, was attributed to increased returns although the exact opposite is
the case, namely high volatility combined with the already low price results in
higher returns. According to [14] the low price effect (or low price anomaly) is
attributed to the low quality of stocks perceived by investors. Most results on lpe
([15], [16], [17], etc) deal with the US market although in the literature one can
find some examples on other markets. Such markets include the Warsaw Stock
Exchange, WSE ([18]), the Johannesburg Stock Exchange, JSE ([19] and [20]) and
the Athens Stock Exchange, ASE [11]). A general conclusion that can be derived
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from these results is that the decision on the cut-off point for a low-price share
maybe a subjective one, but the researcher is free to consider and explore various
cut-off points in search for an idealistic threshold, if it exists. For both practical
and theoretical purposes any value can be adapted provided that above a prede-
fined threshold, the market is assumed or believed to operate not as efficiently as
it should have been. For the purposes of the current work, the value Θ = 0.001 or
0.1% is arbitrarily chosen to play the role of the pre-assigned threshold or cut-off
point.
Remark 1. It should be noted that in JSE the lpe was present for shares priced
below 30 cents but the performance was not equally good for ”super-low priced
shares” (0 to 19 cents). For WSE the analysis was based on the 30% of stocks
with the lowest prices.
Definition 3. Low price effect area is the range of prices for which the mpr is
greater than a pre-specified threshold Θ.

It must be noted that the minimum possible return is a result of the combina-
tion of a low price with a minimum possible variation for the stock. As a result,
a minimum possible return occurs.
Example 1. We present below two examples for the low price effect area which
is easily defined by applying Definition 1 for specific values of the accuracy and
the threshold.

(a) For a stock exchange market which operates under accuracy c = c(pt) =
0.001, and a predefined threshold Θ = 0.001, we get pt = 0.999001. Thus, the low
price effect area is given by pt ≤ 0.999 and an appropriate technique to resolve the
low price effect should be implemented.

(b) Equivalently, for stock exchange markets like NYSE and NASDAQ, we
would have for the same threshold Θ = 0.001, two different cases:
• for pt ≥ 1 implying that pt = 9.995002 and
• for pt < 1 implying that pt = 0.09995002.
Thus, for 1 ≤ pt ≤ 10 and for pt ≤ 0.100 the low price effect is present and

proper actions should be taken to minimize it. While in the range of 1 to 10 dollars
numerous real life examples can be found, the same is not true for prices under
0.1 dollars, in which case, the stock has already been halted from the stock market,
and hence, lpe makes only theoretical sense and becomes a theoretical concept.

For the resulting low price effect area, the models considered should be ap-
propriately adapted. This adaptation is done through the so called low price
correction of both the estimation of percentage value at risk denoted by PVaR
and the expected percentage shortfall (EPS) to be introduced respectively in the
following two subsections.
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2.1 Percentage Value at Risk (PVaR) and Low Price Correction

The Percentage Value at Risk which is a risk measure for estimating the pos-
sible percentage losses from trading assets, within a set time period, is defined as
follows:
Definition 4 (a) Percentage Value at Risk p ( PVaR(p) ) is the 100pth percentile
of the distribution of returns.
(b) Percentage Value at Risk p at time t ( PVaRt(p) ) is the abovementioned risk
measure at time t.

The probability of a PVaRt(p) violation, namely the p-th percentile of the
distribution, is given by

p = Pr[Rt ≤ −PV aRt(p)] =

∫ −PV aRt(p)

−∞
f(x)dx.

where Rt is the random variable of returns at time t, and f(·) is the probability
density function of returns.

Since we defined PVaRt(p) based on the return distribution, no additional
specification of the equation is needed on whether simple or logarithmic returns
are available. Usually, the computation is done over standardized returns. Thus,

p = Pr

(
Rt
σ
≤ −PV aRt(p)

σ

)
where the distribution of standardized returns with standard deviation σ, (Rt/σ),
is denoted by F (·). Hence, the PVaR of an asset takes the form PV aRt(p) =
−σF−1(p) where F−1(p) is the 100pth percentile of the assumed distribution.

Note that for the evaluation of PVaRt(p), one may consider any econometric
model and then apply an estimation technique for the model parameters. Consider
for instance, the general Asymmetric Power ARCH (APARCH) model Rt = σtεt
([21]) with

σδt = a0 +

p∑
i=1

ai (|εt−i| − γiεt−i)δ +

q∑
j=1

bjσ
δ
t−j ,

where Rt is the logarithmic return at day t, εt a series of iid random variables, σ2t
the conditional variance of the model, a0 > 0, ai, bj , δ ≥ 0, i = 1, . . . , p, j = 1, . . . , q
and γi ∈ [−1, 1], i = 1, . . . , p.

Observe that for γi = 0,∀i and δ = 2 the model reduces to GARCH model
([22]) which in turn, reduces further to EWMA model for p = q = 1 and for
special values of the parameters involved. For the distribution F of the series {εt}
we consider in this work (see Section 3), the normal, the Student-t and the skewed
Student-t distribution ([23]). Based on the available data, the estimator σ̂t of the
conditional standard deviation σt is obtained by numerical maximization of the
log-likelihood according to the distribution chosen. If without loss of generality we
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assume that the mean of the conditional distribution of the logarithmic returns is
zero (otherwise the mean-corrected logarithmic returns could be used), then the
estimator of PVaR at day t is given by PV aRt = qp(F )σ̂t (see for instance [24]),
where qp(F ) is the 100p-th percentile of the assumed conditional distribution F
of εt.

For the distribution F usual choices are the normal, the Student-t and the
skewed Student-t distribution ([23]). In case where the standardized returns are
generated from a Student-t distribution with ν degrees of freedom, variance is
equal to ν/(ν − 2), hence, it is never equal to one. If that sample variance is
used in the calculation of PVaR, the PVaR would be overestimated. Volatility
effectively shows up twice, both in F−1(p) and in the estimation σ̂ of σ which
is obtained by numerical maximization of the log-likelihood. Hence, we need to
scale volatility as follows: σ2 ≡ ν

ν−2 σ̃
2 where σ̃2 is the variance in excess of that

implied by the standard Student-t.
We conclude this section with the definition of the low price correction for

the Percentage Value at Risk. A PVaRt(p) estimate can take any real value
not necessarily equal to integer multiples of mprt. Under the low price effect,
stock movements become inevitably more nervous and any model used, would
produce forecasts that are irrational in the sense that stocks cannot produce such
returns, more often than it should. To resolve this ”inconsistency” we propose the
low price correction by rounding the PVaRt(p) estimate to the closest legitimate
value, namely the next integer multiple of the mprt.
Definition 5. Let PV aRt(p) be the estimation of the PVaR on day t for a specific

asset. The low price correction of the estimation denoted by P̃ V aRt(p) is given
by:

˜PV aRt(p) =

{(⌊
PV aRt(p)
mprt

⌋
+ 1
)
·mprt, if mprt ≥ Θ

PV aRt(p), if mprt < Θ

where bwc is the floor function (integer part) of w.
Note that we prefer to deal with the percentage value at risk for comparative

reasons between stocks of the same portfolio with different allocation. Observe
that under the low price correction the market’s accuracy is passed on to the
evaluation of the PVaR resulting in a reasonable number of violations.

2.2 Expected Percentage Shortfall (EPS) and Low Price Correction

After we have obtained the PVaRt(p), we calculate now the conditional ex-
pectation under PVaRt(p), which is given by:
Definition 6. The expected percentage loss conditional on PVaRt(p) being vio-
lated, is defined by:

EPSt = −E[Rt|Rt ≤ −PV aRt(p)].
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Observe that the area under f(·) in the interval [−∞,−PV aRt(p)] is less than
one, implying that f(·) is not a proper density function any more. This can be
resolved by defining the tail density (right-truncated) function fPV aR(·), obtained
by truncation on the right, so that the area below this density, becomes exactly
equal to 1. Thus:

1 =
1

p

∫ −PV aRt(p)

−∞
f(x)dx =

∫ −PV aRt(p)

−∞
fPV aR(x)dx.

The EPS is then given by:

EPSt = −
∫ −PV aRt(p)

−∞
xfPV aR(x)dx = −1

p

∫ −PV aRt(p)

−∞
xf(x)dx.

For providing the discrete expression of EPS, we present below the discretiza-
tion fDPV aR(·) of fPV aR(·). fDPV aR(x) is the probability function of a discrete

random variable, having as values all the possible returns under ˜PV aRt(p), and
probabilities given as follows:

fDPV aR(x) =
1

p

x+mpr∫
x

f(x) dx =
1

p
[F (x+mpr)− F (x)],

x = − ˜PV aRt(p)−mpr,− ˜PV aRt(p)− 2mpr, . . . .
Then, the definition of the discretization of EPS follows naturally:
Definition 7. Let EPSt be the estimation of the EPS on day t for a specific
asset. The discrete approximation of the estimation EPSt, denoted by DEPSt,
is given by:

DEPSt = −
∑

x≤− ˜PV aRt(p)

xfDPV aR(x)

where fDPV aR(·) is the discretization of fPV aR(·).

Remark 2. Even though, on the previous definition we call DEPSt the discrete
approximation of EPSt, the truth is that the nature of f and by extension fPV aR,
is discrete, since there always exists a minimum possible return. We may treat
returns as a continuous random variable when mpr is extremely small, but the
discrete nature of returns still exists.

Definition 8. Let EPSt be the estimation of EPS on day t for a specific asset.
The low price correction of the estimation EPSt denoted by ẼPSt, is given by:

ẼPSt =

{
DEPSt, if mprt ≥ Θ

EPSt, if mprt < Θ
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Remark 3. For historical simulation we takeDEPSt = −
∑

x≤− ˜PV aRt(p)

xfEPV aR(x),

where fEPV aR(·) is the discrete empirical probability function of fPV aR(·) given
by

fEPV aR(x) =
# of historical observations such that x ≤ Ri < x+mprt, for i ≤ t

# of historical observations such that Ri < −PV aRt(p)
,

x = − ˜PV aRt(p)−mprt,− ˜PV aRt(p)−2mprt, . . . ,− ˜PV aRt(p)
([

mini≤tRi

mprt

]
+ 1
)
·

mprt, where Ri are the realizations of returns.

2.3 Adjusted Evaluation Measures

As we explained earlier evaluation measures should take into account the
”asymmetry in the importance” of information bared in the data. The afore-
mentioned PVAR low price correction, since it is a percentile estimation process
cannot be judged by the standard evaluation measures. Appropriate adjustment
should be introduced in order to evaluate whether there is an improvement or not.
In order to do so, adjusted evaluation measures are proposed that in contrast to
the standard ones that have a constant cost for all estimations independently to
the region that they belong, will adjust the cost based to their nature. Whether
the costs will be defined a-priory by the researcher based on nature of the prob-
lem, or a-posteriory based on the distribution of the estimations that is left to the
researcher. For modelling such data, we form the following setting. Let Ω be the
available dataset, and Ai be a partition of Ω based on our criteria. Any family of
non-empty sets is a partition of Ω, if and only if the following conditions hold.

1. Ω =
⋃
i∈I Ai where Ai are non-empty subsets of Ω, ∀i ∈ I = {1, 2, . . . , n}

2. Ai ∩Aj = ∅ for i 6= j.
The partition of the dataset will be done in two main ways, which we will call

Type 1 and Type 2. Type 1 is a fixed partition, based on prior information for the
dataset or the goal of the forecasting procedure. Type 2 is a dynamically adjusted
partition of unit sets, based on their time proximity to the present. Both types,
with respective examples, are presented below.

2.3.1 Type 1 Evaluation Measures

In order to measure the accuracy of the lpc procedure, one cannot rely on
popular evaluation measures, such as the Mean Square Error (MSE), the Mean
Absolute Error (MAE), the Mean Absolute Percent Error (MAPE), and the Het-
eroskedasticity Mean Square Error (HMSE), since PVaR estimations are percentile
estimations. The fact that the proximity of the realised returns to the estimated
percentile does not provide any information, creates the need for introducing ap-
propriately adjusted accuracy measures. Note though that this is not the case for

345



backtesting procedures, since by concentrating no the underlining risk, only the
proximity in days of violation provide information on the quality and accuracy of
the proposed methodology. It is the decrease in their values which will show and
verify the improved forecasting quality of the low price correction.

Let RTt=1 be a sample of a time series corresponding to daily logarithmic losses
on a trading portfolio, T the length of the time series and PVaRt the estimation
of PVaR on day t. If on a particular day the logarithmic loss exceeds the PVaR
forecast, then the PVaR limit is said to have been violated. For a given PVaRt

we define the indicator ηt as follows:

ηt =

{
1 if Rt > PV aRt

0 if Rt ≤ PV aRt
. (1)

Under the above setting, it is easily seen, that the MSE of violation days, is
defined as follows:

MSE =
1∑
t≤T ηt

∑
t≤T&ηt=1

(Rt − PV aRt(p))2. (2)

One can easily observe that the above is a special weighted MSE expression.
Indeed, notice that for v(T ) =

∑
t≤T ηt, the above can be written as

MSE =
∑
t≤T

ηt
v(T )

· (Rt − PV aRt(p))2.

All popular evaluation measures used in the literature, can be adjusted in
order to fit our proposed methodology by generalizing the special weights used
above. The general definition of the adjusted MSE is provided below.
Definition 9: Let yi be a sample observation, ŷi be the respective forecast and
n the sample size. Then, the Adjusted MSE (AMSE) is given by

AMSE =
1

w

n∑
i=1

wi(yi − ŷi)2

where wi is a pre-specified weight assigned to the i-th observation based on its

importance, , and w =
n∑
i=1

wi.

We also provide, under the general setting of Definition 9, the respective formu-
las for the Adjusted Mean Absolute Error (AMAE), the Adjusted Mean Absolute
Percent Error (AMAPE), and the Adjusted Heteroskedasticity MSE (AHMSE).

AMAE =
1

w

n∑
i=1

wi|yi − ŷi|, AHMSE =
1

w

n∑
i=1

wi

[
yi
ŷi
− 1

]2
and

AMAPE =
1

w

n∑
i=1

wi

∣∣∣∣100(yi − ŷi)
yi

∣∣∣∣ .
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The adjusted measures presented in this work, provide a more general and
flexible framework, regarding ”asymmetry in importance data” since each obser-
vation yi of a data set, is allowed to be assigned a pre-specified weight wi directly
related to its importance as it is recognized either by the investigator or by prior
information. Consequently, the error associated with an estimation is proportional
to the importance of the observation as it is specified by its weight.

Examples of the applicability of these measures can be found in risk analysis,
although other examples can be presented in biosurveillance, among other settings.
In the case of risk analysis, and specifically in the case of PVaR estimations, days
in which a violation occurred, are obviously more important than the rest. The
same logic holds for EPS. Also, we may want to give different weights to days with
positive returns than the days with negative, since days with positive returns are
not so important from the point of view of a risk analyst. In this case, the partition
can be done as follows:

A1 = {i ∈ I|yi ≤ 0}, A2 = {i ∈ I|0 < yi ≤ PV aRi(p)}, A3 = {i ∈ I|yi > PV aRi(p)}

where yi are the daily logarithmic losses of a stock, and PV aRi(p) is the Percent-
age Value at Risk, as defined in [12]. Under this partition, weights can be given by
wi = gj , i ∈ Aj , j = 1, 2, 3. As it is clear the weights are arbitrarily chosen which
is the main weakness of Type 1 adjustment of evaluation measures. A possible
choice for the weights is g1 = 0, g2 = 1 and g3 = 10 under the assumption that
days of PVaR violation, are 10 times more important than days of positive losses
that did not violate PVaR, and days of negative losses (days of positive returns)
are not taken into account. Analogously, in biosurveillance we have epidemic and
non epidemic periods, and the failures of the model should not be evaluated in
the same way for these two periods.
Remark 4. For equal weights in all observations, we obtain the standard evalu-
ation measures. As a result, a standard evaluation measure constitutes a special
case of the adjusted measures defined above.

2.3.2 Type 2 Evaluation Measures

In the second type of partition, weights are time dependent and exponentially
decreasing as we go further back in time. In this case, models that are generally
good but fail in the latest part of the time series, should be replaced by more
appropriate ones. Weights can be given in the same fashion as in the EWMA
model:

wt+1 = λwt = λ2wt−1 = . . . = λn+1wt−n

Under the assumption that the weights sup up to one, namely
∞∑
t=1

wt = w1

∞∑
t=1

λt =

1 and for |λ| < 1, we have that w1 = 1−λ. For a finite dataset, which is usually the
case, w1 = 1−λ

λ−λn+1 , where n is the sample size. In contrast to Type 1 adjustment,
the weights in Type 2 case, are not arbitrarily chosen.
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2.4 Backtesting and Method’s Advantages

Another way to evaluate the forecast ability of the model, is backtesting.
In this work, we will use the violation ratio VR to backtest PVaR estimations,
and normalised shortfall NS for backtesting EPS estimations. The comparison
between the observed frequency and the expected number of violations provides
the primary tool for backtesting, known as the violation ratio ([25]).

Note that if the corrected version of PVaR is used then PVaRt should be

replaced by P̃ V aRt in (1). A PVaR violation is said to have occurred whenever
the indicator ηt is equal to 1.

The comparison between the observed frequency and the expected number
of violations provides the primary tool for backtesting, known as violation ratio
([25]) and is defined by:
Definition 10. Let v(T ) be the observed number of violations, p the probability
of a violation and WT the testing window. Then, the violation ratio V R is defined
by

V R =
Observed number of violations

Expected number of violations
=

v(T )

p×WT
. (3)

Intuitively, if the violation ratio is greater than one the risk is underforecasted
while if smaller than one the risk is overforecasted. Acceptable values for VR
according to Basel III accords lie in the region (0.8− 1.2) while values over 1.5 or
below 0.5 indicate imperfect modeling (see [26]).

For each day t when PVaR is violated, The backtesting EPS is based on the
normalized shortfall NS is calculated by NSt = Rt/EPSt where EPSt is the
observed EPS on day t. From the definition of EPS, the expected return, given
that PVaR is violated, is:

E[Rt|Rt ≤ PV aRt(p)]
EPSt

= 1.

Therefore, the average NS, denoted by NS, given by:

NS =
1

n

n∑
t=1

NSt =
1

n

n∑
t=1

Rt
EPSt

should be equal to one which in turn, formulates the null hypothesis: H0 : NS = 1.
With EPS, we are testing whether the mean of returns on days when PVaR is
violated is the same as the expected EPS on these days. As it is clear, it is much
harder to create a formal test in order to ascertain, whether normalized EPS
equals to one or not. Such a test would have to simultaneously test the accuracy
of PVaR and the expectation beyond PVaR. This means that the reliability of any
EPS backtest procedure is likely to be much lower than that of PVaR backtest
procedures.
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Remark 5. For a better understanding of the proposed methodology, the reader
may refer to examples for the Athens Exchange (ATHEX) and the American Stock
Exchange (NYSE MKT) analyzed and discussed in <https://labstadaaegean.

wixsite.com/labstada-aegean/publications> ([12]; [13]) which due to space
limitations cannot be provided here.
Remark 6. The importance of the proposed technique lies on the fact that under
the low price correction fewer violations are expected to occur. Note that a VaR
estimate can take any real value not necessarily equal to integer multiples of mpr
since it is not controlled by the market’s accuracy. This observation simply implies
that any model almost always, derives forecasts that are irrational in the sense that
stocks cannot produce such returns. Thus, due to this ”inconsistency” between
PVaR forecasts and stock movements, PVaR violations occur more frequently
than they should.

Indeed, assume mprt is greater that the threshold Θ. Then, the PVaR estimate
is plausible, as the asset’s logarithmic return, as long as it coincides with an
integer multiple of mpr. Otherwise, if k · mprt < PV aRt < (k + 1) · mprt for
some k ∈ Z, the PVaR estimate is inadmissible. Then, by definition, whenever
yt = (k + 1)mprt, a violation takes place which though would have not been
occurred if PVaR was measured according to the market’s accuracy. Intuitively
this ”inconsistency” could be resolved if the PVaR estimate is corrected to the
closest legitimate value, namely to a value that is in accordance with the market’s
accuracy. For this purpose we recommend the low price (PVaR) correction (see
Definition 5) by rounding the PVaR estimation to the next integer multiple of

the mpr (i.e. P̃ V aRt = (k + 1)mprt). In other words, the market’s accuracy is
enforced on the evaluation of PVaR and consequently fewer violations are expected
to occur. Note that the rounding to the previous integer although legitimate, is
not acceptable because in such a case the probability associated will be higher than
p. On the other hand, the correction proposed is both legitimate and acceptable
since it is associated with a probability at most equal to p.

3. CONCLUSION

In this work we have provided an overall presentation of our previously pro-
posed low price correction technique for improved forecasts of risk measures like
Value at Risk and Expected Shortfall. These improved forecasts are achieved via
improved volatility estimations that were derived by taking into consideration the
asset prices. The method turns out to be both simple and straightforward. EPS
and PVaR estimations after the implementation of the low price correction, either
remain unaffected or are improved.

Among the advantages of the proposed method is that it is versatile since
it can be applied to both PVaR and EPS and any estimating method chosen
by the investigator while in addition it does not require estimation of any extra
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parameters. Furthermore, it should be pointed out that the violation ratio is
always improved (to be specific decreased) in all scenarios. Although it is always
applicable, as expected, it is extremely useful and efficient in extreme economic
scenarios and severe stock collapses. It should also be noted that the estimates
produced become admissible, in the sense that their values can be realized by the
returns due to the fact that they are multiples of the minimum possible return.
Consequently, unacceptable models become acceptable due to the fact that lpc
yields the best results when models fail the most. In this case also, the error
measurements are always decrease in days of violation.

Our methodology that pays attention not only to the asset return but also to
the asset price, provides sufficient evidence that prices could contain important
information which could, if taken under consideration, result in improved fore-
casts of risk estimation. Last but not least, we also provide the solution to the
problem. The asset under investigation must be reverse split if possible in order
to correct the above problems. Apart from any theoretical considerations, the
practical implications of the low price correction entails are the key issues in the
contributions of the present work.

We have also presented, adjusted evaluation measures, applicable to situations
in which not all observations are equally important. The phenomenon is quite
common in finance. The proposed adjusted evaluation measures are categorized
in two general classes, according to the method of partition of the data. Type
1 is a fixed partition, based on prior information or the goal of the forecasting
procedure while Type 2 is a dynamically adjusted partition of unit sets, based on
the model failures, and their time proximity to the present.

For equal weights, Type 1 adjusted evaluation measures are simplified to stan-
dard measures. In other words, a standard evaluation measure constitutes a spe-
cial case of the class of Type 1 adjusted measures. As shown in the application
section, adjusted evaluation measures of Type 1, are quite useful offering addi-
tional information about the forecasting ability of models. On the other hand
though, their main weakness is associated with the fact that weights are arbitrar-
ily chosen. If though, our main goal is to narrow the evaluation on a subset of the
available values, as it is needed for the correct evaluation of low price correction,
then the choice of weights is straight forward and the results are quite clear.

Contrary to Type 1, weights of Type 2 decrease at an exponential rate as time
goes back, which resembles the autocorrelation behaviour of assets returns. These
time dependent weights provide a framework under which the most appropriate
model in the latter part of the time series, is chosen. Note that the applicability
of the proposed measures is not limited to finance but can be easily extended
to other scientific areas where data do not necessarily carry the same amount
of information, such as in physical (earthquakes, floods etc.) or climatological
(heat or cold waves) phenomena. To sum up, the proposed low price correction
technique possesses a number of advantages, namely:
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1. The method is simple and straightforward.
2. It is general since it is applied after the forecast and it can be applied for

every risk measure and estimation method.
3. It either leaves estimations intact when mprt < Θ or it improves the asso-

ciated VR.
4. After the correction, we no longer observe irrational values.
5. It does not produce new extreme overestimations.
6. It is useful especially in extreme economic scenarios when stocks collapse.
7. The bigger the collapse, the better the improvement. Thus, when models

tend to fail the most, the proposed method provides its best results.
8. For PVaR backtesting, VR is always improved while VaR volatility does not

seem to be affected.

PERILHYH

Sta qrhmatooikonomik�, ènac apì touc kÔriouc stìqouc eÐnai h ektÐmhsh thc metablhtìthtac,
dedomènhc thc kajoristik c shmasÐac thc sthn an�lush kai diaqeÐrish twn kindÔnwn. Met�
apì ekten  melèth twn statistik¸n idiot twn twn qrhmatooikonomik¸n apodìsewn, dia-
pist¸netai h Ôparxh diakrit c fÔshc ìtan parathreÐtai to fainìmeno qamhl c tim c. Gia th
montelopoÐhs  thc efarmìzoume thn diakritopoÐhsh thc sun�rthshc puknìthtac thc our�c
me apotèlesma na kajÐstatai dunat  h beltÐwsh twn ektim sewn thc PosostiaÐac AxÐac
se KÐnduno kai thc Anamenìmenhc PosostiaÐac 'Elleiyhc. Lìgw tou ìti oi apodìseic den
fèroun thn Ðdia posìthta plhroforÐac kai �ra oÔte thn Ðdia barÔthta, h axiolìghsh thc
poiìthtac prìbleyhc thc proteinìmenhc mejodologÐac, basÐzetai se kat�llhla prosarmo-
smèna dhmofil  mètra.
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