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ABSTRACT
The Markovian Arrival Process (MAP) model is applied to a complete earthquake catalog
with magnitude M ≥ 6.5, in the broader area of Greece, for investigating the temporal
variations of seismicity. MAP is a stochastic process, that counts the regional earthquake
occurrences and allows for transitions between the hidden states of a Markov Process,
such that each state corresponds to a different level of seismicity rate. The inference
regarding the choice of the optimal number of hidden states is made through Akaike and
Bayesian information criteria, and the estimation of the model parameters is accomplished
via the EM algorithm. A local decoding procedure is implemented to reveal the times
of a change in the occurrence rate of earthquakes. The evaluated conditional intensity
function demonstrates an alternation between higher and lower seismic activity levels,
which is associated in some cases with major earthquake occurrences.

Keywords: hidden states, EM algorithm, forward-backward equations, seismicity rates.

1. INTRODUCTION

One of the most accepted feature of large earthquakes generation is the as-
sumption of time independence (Michael, 2011; Daub et al., 2012; Parsons and
Geist, 2012). Strong earthquakes occur according to a stationary Poisson process,
meaning that they occur (arrive) according to a random process in time with a
stable occurrence rate, µ. However, brevity of the earthquake catalogs, as well
the limited global number of large earthquake occurrences reduce the robust vali-
dation of the statistical tests (Dimer de Oliveira, 2012; Lombardi and Marzocchi,
2007).
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A possible non-stationarity of the time series of strong earthquakes (Bufe and
Perkins, 2005; McCaffrey, 2008) is an interesting assumption. Transient pertur-
bation caused by poroelastic relaxation probably increased the background rate
during the 1997-1998 Umbria-Marche, Central Italy (Lombardi et al. 2010). Even
though global interactions between large earthquakes can not be assumed, there
is a significant increase of seismicity rate after major earthquakes in regional scale
far beyond the rupture zone (Papazachos et al., 2000; Parsons and Velasco, 2011;
Stein and Toda, 2013).

In this work, we want to analyze the temporal behavior of strong earthquakes
in the broader area of Greece. MAP model is applied in order to examine whether
there are long-term fluctuations in the seismicity rate. It was introduced by Neuts
(1979) and a more explicit definition was given later by Lucantoni et al., (1990).
It concerns a two dimensional Markov process, {(Nt, Jt), t ≥ 0}, with the first
marginal process being a counting one, Nt, in which the associated arrivals cor-
respond to earthquake occurrence times, and the second one, Jt, being a Markov
process with unobservable states that determine the arrival rate. MAPs provide a
generalization of the Poisson process and renewal models and the variable arrival
rate which is assumed, reveals the non-stationarity of the counting process. The
interarrival times follow a phase type (PH) distribution and are conditionally but
not completely independent (He, 2014). Hence, correlations among interevent
times can be captured. In addition any stochastic point process is the weak limit
of a sequence of MAPs (Asmussen and Koole, 1993). A comprehensive review on
MAPs and its applications, along with some important special cases are given in
Artalejo et al., (2010) and Cordeiro and Kharoufeh, (2011).

Section 2 describes the dataset used in the current study and preliminaries of
MAP theory, along with the testing methodology. Section 3 presents the results
of the applied method. Finally, in Section 4 the concluding remarks are drawn
and some issues and recommendations are given.

2. DATA AND METHODOLOGY
2.1 Data

Our aim is to reveal the temporal behavior of strong earthquake occurrences
with magnitude M ≥ 6.5 in the broader area of Greece, and to examine whether
there are seismicity rate changes related to major events. The focal mechanisms of
large events have been thoroughly investigated since 1950 (Taymaz et al., 1991a,b
and Baker et al., 1997 among others), and a brief bibliography regarding events
with M ≥ 6.5, is given in Papazachos and Papazachou (2003) and the references
therein.

In our study a seismicity catalog of shallow events with depth D ≤ 45 km
and with magnitude M ≥ 6.5 is compiled, according to the most recent publish-
ments. The catalog is assumed to be complete and homogeneous (Papazachos
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and Papazachou, 2003) and includes 118 events, since 1845, within the bound-
aries φ = 33o − 43o and λ = 19o − 30o (Figure 1). Paradisopoulou et al., (2010)
provided evidence of interactions between strong earthquakes in Western Turkey
and North Anatolian Fault (NAF), due to stress changes in the area. Since our
goal is to model temporal patterns of possible earthquake interactions, four events
outside the boundaries of our study area are included in the catalog. These are
events like the Düzce (Mw = 7.1) on 12 November, 1999 which occurred almost
three months after the earthquake of Izmit (Mw = 7.6) on 17 August, 1999.

Figure 1: Seismotectonic properties of Greece and its surrounding area along with the
epicentral distribution of earthquakes with M ≥ 6.5 that occurred in the study area since
1845.

The temporal distribution in conjunction with the cumulative number of events
(Figure 2), illustrates the existence of active periods like in 1980-1983 which al-
ternate with quiescent ones (1983-1995). Moreover, in some cases these changes
could be associated with the occurrence of large earthquakes, like the Amorgos
Mw = 7.5 (Papadimitriou et al., 2005) event on 9 July, 1956 (red pentagon).

2.2 Methodolody

2.2.1 Markovian arrival process

As a first step, the definition of the Markovian arrival process (He, 2010;
2014) is given. A counting (observed) process, {Nt}t≥0, determines the number of
arrivals (earthquake occurrences) in a time interval [0, t), driven by an irreducible
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Figure 2: Temporal distribution of events (left axis) and cumulative number of events
(right axis) with M ≥ 6.5 in Greece and its surrounding area, since 1845. Red pentagons
are shown characteristic earthquakes of the catalog.

finite Markov process, {Jt}t≥0, where E = {1, . . . ,m},m ∈ N+ stands for the state
space. The evolution of the underlying (unobservable states) process Jt defines the
seismic activity at each time t ≥ 0; that is, its coordinates indicate the rate of the
earthquake occurrences. The bivariate stochastic process (N,J) := (Nt, Jt)t∈R+

is called Markovian Arrival Process (MAP), and it is a Markov process with an
infinitesimal generator of the structure,

Q =


D0 D1

D0 D1

. . .
. . .

 .

The elements of the m ×m matrices D0 = {qij(0)}i,j∈E and D1 = {qij(1)}i,j∈E
compile the parameter space of the model, namely the transition rates from state
i to j, i, j ∈ E, without or with an arrival, respectively; their elements are non-
negative, where

qij(k) = limh→0
P (Nt+h=k,Jt+h=j/Jt=i)

h

for all i, j ∈ E and k = 0, 1, except the diagonal elements of D0, which are defined
as

qii(0) = −
∑

j 6=i qij(0)−
∑m

j=1 qij(1).

The latter is assumed to be non-singular and the transition times are finite with
probability equal to one. We assume a stationary version of the MAP, where the
initial state vector after an arbitrary arrival πarr is computed by the relation,

πTarr = −πTD0(π
TD11m)−1,
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where superscript T stands for the transpose of a vector or matrix, 1m stands for
the unit column vector of dimension m and π is the stationary probability vector
of the Markov process Jt.

The model is efficient in capturing changes of the temporal behavior of the
earthquake occurrence times, namely revealing the variations of the seismicity
rate. In more detail, the MAP allows for transitions between the states, where to
each one of them corresponds an occurrence rate, qi. The rate is the i−th element
of D11m. The tractable structure of the process enables the physical interpreta-
tion of the hidden states of the Markov process Jt, assuming a correspondence
between occurrence rates and seismicity periods.

For a brief description of the process let us assume that the underlying pro-
cess is in state i ∈ E, whereas Jt = i earthquakes occurrence follows a Poisson
process with arrival rate qii(1), i = 1, ...,m. At the end of the sojourn time in
state i, which is assumed to follow an exponential distribution, either a tran-
sition to another state occurs without designating an arrival, with probability
qij(0)/(−qii(0)), or a transition to another state designating an arrival, with prob-
ability qij(1)/(−qii(0)), for i 6= j and j ∈ E.

In the estimation procedure the EM algorithm is used to obtain the maximum
likelihood estimates of the model parameters. It is an iterative algorithm which
in each step computes the loglikelihood function with the help of the forward-
backward equations (McDonald and Zucchini, 1997) and reach a local maximum
after a predefined number of iterations or a converging criterion. The initial
estimates of the parameters were chosen to match the mean value of the trace
(interevent times). A special structure of the rate matrices is followed (Horváth
and Okamura, 2013), where transitions among the hidden states are allowed only
when arrivals are taking place, implying that qij(0) = 0, for i 6= j.

2.2.2 Model selection

For the determination of the best number of hidden states visited in the time
interval under study, we will apply Akaike Information Criterion (AIC) (Akaike,
1974)

AIC = −2p+ 2logL, (1)

and the Bayesian Information Criterion (BIC) (Schwarz, 1978)

BIC = −p · logn+ 2logL, (2)

where p is the number of parameters, logL is the loglikelihood function and n the
number of observations.
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2.2.3 Evaluation measures

First, the goodness-of-fit (gof) to assess the adjustment of the observed in-
terevent time series to the proposed models is provided, through the Kolmogorov-
Smirnov (K-S) (Chakravarty et al., 1967) and Anderson-Darling (A-D) (Stephens,
1974) tests. We denote by τn the interarrival time between the (n− 1)th and the
nth earthquake. We recall that each interarrival time, τn, is assumed to follow a
PH distribution with representation (πarr,D0). Hence, the hitting time distribu-
tion for an earthquake occurrence assuming that at time t = 0 an event occurred,
is expressed by

F (x) = 1− πTarreD0x1m, x ≥ 0. (3)

In the sequel, the distance between the empirical distribution and the fitted
ones is evaluated, via the l2 distance and the Kullback-Leibler (KL) divergence
(Kullback and Leibler, 1951). If we consider two continuous probability distri-
butions P,Q with the same support S, then the two distance measures can be
defined as

dl2(P,Q) = ‖(P −Q)‖2 =

√∫
S

(P −Q)2dτ (4)

dKL(P,Q) =

∫
S
P · log(

P

Q
)dτ (5)

Another useful way to assess the goodness-of-fit of the MAP is through residual
analysis (Ogata, 1988). According to this technique, if we consider the transfor-
mation τ = Λ(s) =

∫ s
0 λ(t)dt, where λ(t) is the intensity function of a point

process, then the rescaled sample τi is a Poisson process with unit rate. Hence,
when the fitted model achieves a good approximation of the data, (only) a small
declination from the bisector can be allowed.

2.2.4 Local decoding of the hidden states

The most likely path of the underlying process Jt that have generated the
sequence of observations is estimated by the forward-backward equations, used
in the implementation of EM algorithm. According to McDonald and Zucchini
(1997) these probabilities can be evaluated by

P (Jtk = i/HT ) =
P (T1 = τ1, ..., Tn = τn, Jtk = i)

P (T1 = τ1, ..., Tn = τn)
=

a[k]i · b[k + 1]i∑m
j=1 a[k]j · b[k + 1]j

(6)

where HT = {τ1, ..., τn} is the complete history of the process, n is the number of
observations and the forward-backward vectors can be expressed by
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a[0] = πTarr, a[k] = a[k − 1]eD0τkD1

b[n] = 1m, b[k] = eD0τkD1b[k − 1].

They describe the evolution of the process from the first event up to the occurrence
time tk and from the latter to the last event, respectively. This procedure is often
called local decoding, and the estimated sequence of the hidden states is the local
decoding path.

The estimated intensity function can be easily obtained by

λtk =
m∑
i=1

qi ·
a[k]i · b[k + 1]i∑m
j=1 a[k]j · b[k + 1]j

, (7)

which denotes the expected occurrence rate at time tk, conditional on the complete
history of the observations, HT .

3. MAIN RESULTS

3.1 Optimal model

We fitted models from two to five states, since we believe that there is no need
for more states in order to capture the temporal fluctuations of the earthquake
occurrences with M ≥ 6.5. For the implementation of the EM algorithm, BuTools
program packages (Bodrog et al., 2014) were used in the MATLAB environment.
We computed the AIC and BIC values through equations (1) and (2) and we chose
the models with the lowest values (Table 1.).

Table 1. The log likelihood, AIC and BIC values of the fitted models, where
the number of states varies from 2 to 5.

# of S LogL AIC BIC

2 -156 325 341
3 -155 334 367
4 -137 315 370
5 -133 326 409

AIC suggests the four state model (AIC=315), however BIC indicates that
two states (BIC=341) are sufficient for describing the temporal behavior of the
data. We can see that BIC values are highly affected by the data shortage, since
it takes into account the number of observations. In the sequel, we evaluate the
performance of both models, in order to be more accurate about the choice of the
optimal one.

3.2 Evaluation of the model

The goodness-of-fit of the proposed models to the empirical data is computed,
and a comparison among the most popular theoretical distributions (11 in to-
tal: Exponential, Extreme value, Gamma, Generalized Pareto, Inverse Gaussian,
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Logistic, Lognormal, Nakagami (Nakagami, 1960), Normal, Rayleigh, Weibull) is
derived. For all the tests a significance level a = 0.05 is assumed. As a first
step, in Table 2. we present the best four approximated distributions to the data
(Exponential, Gamma, Weibull and Nakagami) according to the AIC, BIC and
the A-D p-values.

Table 2. A-D test statistics with the corresponding p-values, and the AIC and
BIC values for the best four distributions.

Distribution
A−D

cv = 2.492 p value
AIC BIC

Exponential 4.04 0.008 326 329
Gamma 1.04 0.336 298 304
Weibull 1.12 0.299 303 309

Nakagami 1.38 0.207 301 307

Both Weibull and Gamma distributions are well adapted, however the values
of AIC (303, 298) and BIC (309, 304), indicate a better approximation to data for
Gamma compared to Weibull. In addition, high p−values (pgam = 0.336) of the
former are observed, strengthening the previous argument.

In the sequel, the hitting time distribution of the MAP with two and four
states is evaluated according to equation (3), and the K-S gof test is applied. We
further computed the l2 and KL measures through equations (4) and (5) and
the results are presented in Table 3. In addition, Gamma distribution was also
evaluated and compared with the proposed models.

Table 3. K-S test statistics with the corresponding p-values, and the l2 and KL
values for the MAP with two and four states, as well for the Gamma

distribution.

Model
K − S

cv = 0.1135 p value
l2 KL

MAP (2) 0.0680 0.62 0.0006 0.1175
MAP (4) 0.0061 0.75 0.0007 0.1271
Gamma 0.0950 0.22 0.0959 0.1524

The gof tests for both models do not allow us to reject the null hypothesis
(ksstatmap(2) = 0.0668 and ksstatmap(4) = 1.0996). Furthermore, we assume that
both MAPs outperform Gamma distribution in terms of the K-S p-values, and
according to the l2, KL distance measures.

Figure 3 shows the hitting time distribution for earthquake occurrences, un-
der the condition that an earthquake occurred at t = 0, for both the empirical
data and the proposed models. The cumulative distribution function (cdf) of
Gamma distribution was also cited, in order to illustrate the outperformance of
the models. It can be seen that for almost a time period of one year, MAP(2) and
MAP(4) adapt better to data compared with Gamma distribution, especially for
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Figure 3: Cumulative distributions of the data, fitted MAP(2), MAP(4) and Gamma
distribution along with the 95% confidence zone.
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t < 0.7 years. The difference between the cdfs of the two models is not significant,
however, for the rest of the parer MAP(2) is considered as the optimal model.
The study period is quite short compared to the duration of the physical process
of earthquake generation, hence this makes us reluctant over the acceptance of a
model with many states.

For MAP(2) the transformed times τi are calculated, and the cumulative num-
ber of the residuals versus the transformed times is plotted (Figure 4). We con-
clude that the declination from the bisector y = x is acceptable.

3.3 Intensity function and sequence of hidden states

The decoded path of the underlying process Jt and the estimated intensity
function are evaluated by equations (6) and (7), respectively and the results are
shown in Figure 5. We observe that state 2 (q2 = 2.6170) (Figure 5, top plot)
corresponds mainly to large shocks and in some cases to their immediate after-
shocks or preshocks, since a declustering procedure has not been applied. This is
the case of the saros-marmara earthquake (Mw = 7.4) that occurred on 9 August,
1912 (Abraseys and Finkel, 1987) and the Mw = 6.8 aftershock that followed just
one month later. Another characteristic example is the Chirpan and Plovdiv 14
and 18 April, 1928 events with magnitudes Mw = 6.5 and Mw = 6.9 (Karakostas
et al., 2006), respectively. It is important to notice, that the model recognizes this
patterns and successfully makes a transition to the state of high occurrence rate.
However, there are also some longer periods of relative higher seismicity rate
like the 09/07/1956-26/05/1957, which include the Amorgos Mw = 7.5 earth-
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Figure 4: The residual process for the fitted MAP(2) model.
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Figure 5: Top plot: The optimal path of the hidden states of the MAP(2) given the
observed sequence together with the magnitude time plot (with cyan color are shown events
referenced in the text). Bottom plot: The estimated intensity function of the MAP(2) and
the cumulative number of earthquakes.
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quake on 9 July, 1956, the Fethiye Mw = 7.2 event on 25 April, 1957 and the
Abant Mw = 7.0 event on 26 May, 1957 (Abraseys, 1970). The model captures
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this intense period with great success, and then makes a transition to state 1
(q1 = 0.5095), which corresponds to a relative quiescent period with 2 earthquake
occurrences in more than 7 years.

4. CONCLUSION

A Markovian arrival model was applied for investigating the temporal behavior
of strong earthquakes, M ≥ 6.5, in the broader area of Greece. The underlying
Markov process Jt captures the seismicity evolution extremely well, and reveals
seismicity rate changes associated in many cases with the occurrence of large
events.

AIC and BIC demonstrated that two and four-state MAPs best capture the
seismic activity of earthquakes with M ≥ 6.5 in the study area, however the
former was chosen, since we want to avoid an overparameterization problem. The
goodness-of-fit tests verified the significance of the proposed model, which was
further compared to broadly accepted theoretical distributions. The evaluated
measures indicated the outperformance of the model.

The evaluation of the conditional intensity function and the optimal sequence
of hidden states, showed that temporal variations characterize the frequency of
strong earthquakes, M ≥ 6.5, in the wider area of Greece. MAP with two states
seems adequate in capturing patterns of the real catalog, i.e., periods of seismic
quiescence alternate with seismic active ones, hence fitted models with more states
do not provide additional information.

Further investigation for the existence of spatial associations between the
events should be fulfilled. It is also important to apply a MAP on the declus-
tered earthquake catalog, in order to examine the spatio-temporal behavior of the
mainshocks, in the broader area of Greece. Currently, the temporal variations of
large earthquakes in a global scale, is under investigation.

ΠΕΡΙΛΗΨΗ

Το μοντέλο Μαρκοβιανών Διαδικασιών Αφίξεων (ΜΔΑ) εφαρμόσθηκε σε πλήρη

σεισμικό κατάλογο, με σεισμούς μεγέθους M ≥ 6.5, στον ευρύτερο ελληνικό χώρο,
με σκοπό τη μελέτη των χρονικών μεταβολών της σεισμικότητας και την εύρεση ση-

μείων αλλαγής του ρυθμού σεισμογένεσης. Η ΜΔΑ είναι μία στοχαστική διαδικασία,

που απαριθμεί το πλήθος σεισμών και μεταβαίνει μεταξύ των κρυφών καταστάσεων

μίας Μαρκοβιανής Διαδικασίας, έτσι ώστε κάθε κατάσταση να αντιστοιχεί σε ένα

διαφορετικό επίπεδο ρυθμού σεισμικότητας. Για τον καθορισμό του βέλτιστου αριθ-

μού κρυφών καταστάσεων χρησιμοποιήθηκαν τα κριτήρια πληροφορίας Akaike και
Bayes, ενώ η εκτίμηση των παραμέτρων του μοντέλου πραγματοποιήθηκε μέσω του
αλγορίθμου ΕΜ. Η εκτίμηση των χρονικών στιγμών μετάβασης των καταστάσεων της

κρυφής Μαρκοβιανής Διαδικασίας έγινε με τη μπρος-πίσω διαδικασία. Η εκτιμώμενη
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υπό συνθήκη συνάρτηση έντασης αναδεικνύει εναλλαγές μεταξύ υψηλών και χαμηλών

επιπέδων σεισμικής δραστηριότητας, σε μερικές περιπτώσεις σε συνδυασμό με τη

γένεση κύριων σεισμών.
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